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Abstract
In this paper, we study a class of analytical solutions to the 3-D compressible
Navier-Stokes equations with density-dependent viscosity coeﬃcients, where the
shear viscosity h(ρ) =μ ≥ 0, and the bulk viscosity g(ρ) = ρβ (β > 0). By constructing
a class of radial symmetric and self-similar analytical solutions inRN (N≥ 2) with both
the continuous density condition and the stress free condition across the free
boundaries separating the ﬂuid from vacuum, we derive that the free boundary
expands outward in the radial direction at an algebraic rate in time and we also have
shown that such solutions exhibit interesting new information such as the formation
of a vacuum at the center of the symmetry as time tends to inﬁnity and explicit
regularities, and we have large time decay estimates of the velocity ﬁeld.
Keywords: analytical solution; compressible Navier-Stokes equations;
density-dependent
1 Introduction
The compressible Navier-Stokes equations with density-dependent viscosity coeﬃcients




∂tρ + div(ρU) = ,
∂t(ρU) + div(ρU⊗U) – div(h(ρ)D(U)) –∇(g(ρ)divU) +∇P(ρ) = ,
(.)
where ρ(x, t), U(x, t), and P(ρ) = ργ (γ > ) stand for the ﬂuid density, velocity, and pres-
sure, respectively. The strain tensor is
D(U) = ∇U +∇U
t
 ,
and h(ρ) and g(ρ) are the Lamé viscosity coeﬃcients satisfying
h(ρ) > , h(ρ) +Ng(ρ)≥ . (.)
During the last several decades, there has been signiﬁcant progress on the system (.)
since it was introduced by Liu et al. in []. There is a huge literature on the global exis-
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tence and behaviors of solutions to (.) in the case that the viscosity coeﬃcients are both
constants. The important progress on the global existence of strong or weak solutions in
one spatial dimension or multi-dimension has been made by many authors; refer to [–]
and references therein.
However, the studies in Hoﬀ and Serre [], Xin [], and Liu et al. [] prove that the com-
pressible Navier-Stokes equations with constant viscosity coeﬃcients behave singularly in
the presence of a vacuum. In [] Liu, Xin and Yang introduced the modiﬁed compress-
ible Navier-Stokes equations with density-dependent viscosity coeﬃcients for isentropic
ﬂuids. In deriving by Chapman-Enskog expansions from the Boltzmann equation, the vis-
cosity of the compressible Navier-Stokes equations depends on the temperature and thus
on the density for isentropic ﬂows. Moreover, it should be emphasized that the viscous
Saint-Venant system in the description of the motion for shallow water was also derived
recently [, ], which is expressed exactly as (.) with N = , h(ρ) = ρ , g(ρ) = , and
γ = .
The system (.) was ﬁrst proposed and studied by Vaigant-Kazhikhov in []. There
is much literature on mathematical studies of the Navier-Stokes equations with density-
dependent viscosities. For the one-dimensional case one is referred to [, –] and ref-
erences therein. For the periodic problem on the torus T and under assumptions that
the initial density is uniform away from vacuum and β >  where h(ρ) is a positive con-
stant and g(ρ) = ρβ , Vaigant-Kazhikhov found the well-posedness of the classical solution
to (.), and the global existence and large time behavior of weak solutions was studied
by Perepelitsa in []. Later on, Jiu-Wang-Xin [] improved the result and obtained the
global well-posedness of the classical solution to the periodic problem with large initial
data permitting vacuum. Then Huang-Li [] relaxed the index β to β >  and studied
the large time behavior of the solutions. For a -D Cauchy problem with vacuum states
at far ﬁelds, Jiu-Wang-Xin [] and Huang-Li [] independently considered the global
well-posedness of classical solutions in diﬀerent weighted spaces. Later on, Jiu-Wang-Xin
[] studied the global well-posedness of the classical solution to the Cauchy problem (.)
with h(ρ) being a positive constant and g(ρ) = ρβ and large data which keeps non-vacuum
states ρ¯ >  at far ﬁelds.
The ﬁrst successful example is due to Guo et al. in [] with spherically symmetric initial
data and ﬁxed boundary conditions, and later Guo et al. extended it to the free bound-
ary conditions with discontinuously symmetric initial data []. Chen and Zhang in []
showed a local existence result with spherically symmetric initial data between a solid core
and a free boundary connected to a surrounding vacuum state.
In [], Guo had discussed the global existence, the Lagrangian structure and large time
behavior of weak solutions to the compressible spherically symmetric Navier-Stokes equa-
tions (.) with the following stress free boundary conditions:
ργ = ρur , on r = a(t),
with h(ρ) = ρ , g(ρ) = , and γ ∈ [, NN– ). Notice that the results in [] can also be gener-
alized to multi-dimensional compressible spherically symmetric Navier-Stokes equation
(.) with general viscosity coeﬃcients h(ρ) = ρθ and g(ρ) = (θ –)ρθ with N–N < θ ≤  with
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, on r = a(t).
On the other hand, there are many references considering the analytical solutions or
blowup solutions to the Navier-Stokes equations, Navier-Stokes-Poisson equations, or
Euler-Poisson equations (see [–]). In [], Guo has studied the analytical solutions to
the compressible Navier-Stokes equations with density-dependent viscosity coeﬃcients
where h(ρ) = ρθ and g(ρ) = (θ – )ρθ , N = , and with free boundaries.
In the present paper, we study more precisely the structure and asymptotic behavior of
solutions to the free boundary value problem with both the continuous density condition
and the stress free condition. Let h(ρ) = μ ≥  and g(ρ) = ρβ (β > ). At ﬁrst, we construct
a self-similar solution of the form
ρ(r, t) =
f ( ra(t) )
a(t) , u(r, t) =
a′(t)
a(t) r,
to the continuity equation with special spherically symmetric initial data and given sym-
metric sphere separating the initial ﬂuids from vacuum, and we derive that a(t), f (z) ∈ C
are two functions satisfying some ordinary diﬀerential equations. At the same time, the
free boundary is shown to expand outward in the radial direction at an algebraic rate in
time and the density decays to zero asymptotically in time almost everywhere away from
the symmetry center, which leads to the formation of vacuum states as the time goes to
inﬁnity. One of our main steps in the analysis is to show that a(t) and f (z) ∈ C exist glob-
ally, which yields the desired analytical solutions to the free boundary value problem with
suitable initial data.
The plan of this paper is as follows. In Section  we will give the main results and the
self-similar solution to (.). Theorems . and . will be proved in Sections . and .,
respectively.
2 Notations andmain results
Set h(ρ) = μ ≥  and g(ρ) = ρβ , N = , in (.). Then the isentropic compressible Navier-




∂tρ + div(ρU) = ,
∂t(ρU) + div(ρU⊗U) +∇P(ρ) = μU +∇((μ + ρβ)div(U)),
(.)
for t ∈ (, +∞) and x ∈ R. Here ρ(x, t), U(x, t), and P(ρ) = ργ (γ >  ). The initial condi-
tions of (.) are imposed thus:
(ρ,ρU)|t=(x) = (ρ,m)(x), ≤ |x| ≤ a. (.)
In this paper, we are concernedwith the following spherically symmetric solutions. To this
end, we denote
|x| = r, ρ(x, t) = ρ(r, t), U(x, t) = u(r, t)xr . (.)
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This leads to the following system of equations:
ρt + (ρu)r +
ρu



















for (r, t) ∈  with
 =
{
(r, t)|≤ r ≤ a(t), t ≥ },





, ≤ r ≤ a, (.)



















, a() = a, ∀t ≥ . (.)
It is easy to get the following usual a priori energy estimate for smooth solutions to (.),

















(urr + u) dr ≤ . (.)
Our main result is the following theorem.
Theorem . Assume that γ = β >  . For the radial symmetry compressible Navier-Stokes
equations (.)-(.), with the continuous density condition (.), there exists a solution of
the form
ρ(r, t) =





a(t) , u(r, t) =
a′(t)
a(t) r. (.)
Here a(t) ∈ C([,∞)) is the free boundary satisfying (.) and it exists for all t ≥ . Fur-
thermore, a(t) tends to +∞ as t → +∞ with the following rates:
C( + t)

(γ–) ≤ a(t)≤ C( + t). (.)
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Remark . The solution (.) constructed in Theorem . satisﬁes the following prop-
erties:





(t)→ +∞, as t → +∞, (.)
where the domain of the ﬂuid is deﬁned by
(t) =
{
(r, t)|≤ r ≤ a(t), t ≥ }.
On the other hand, for the stress free boundary condition (.), we have the following.
Theorem . Assume that γ = β –  , γ >  . Then the free boundary value problem for
the radial symmetry compressible Navier-Stokes system, (.)-(.),with the stress free con-
dition (.), has a unique solution with the free boundary r = a(t) given by









f ( ra(t) )
a(t) , u(r, t) =
r
(ρβ–γ (a) + (γ – β)t)
, (.)
where f (z) > , f (z) ∈ C([, ])∩C((, ]) satisﬁes
 – γ
 z + γ f ()









 (z)f ′(z) = . (.)










(t)→ +∞, as t → +∞. (.)










∣ ≤ C( + t)
–γ





(ρβ–γ (a) + (γ – β)t)
→ , as t → +∞. (.)
3 The proofs of themain theorems
First, we will give a self-similar solution to the continuity equation (.).
Lemma . For any two C functions f (z)≥  and a(t) > , deﬁne
ρ(r, t) =
f ( ra(t) )
a(t) , u(r, t) =
a′(t)
a(t) r. (.)
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Then (ρ,u)(r, t) solves the continuity equation (.), i.e.,
ρt + (ρ)ru + ρur +
ρu
r = . (.)
Here, we can choose a(t) as a free boundary which satisﬁes the condition (.) or (.).
So in the following we will determine the form of the function f (x) and then prove the
global existence of the free boundary a(t). To this end, denoting z = ra(t) , one can obtain
from (.) that
a′′(t)
a(t) f (z)z + γ f
γ–(z)f ′(z) aγ+(t) –
a′(t)
aβ+(t)βf
β–(z)f ′(z) = . (.)
Next, we will solve (.) according to the free boundary conditions (.) or (.), respec-
tively.
3.1 The continuous boundary condition
Assume that γ = β >  . We require
z = –γ f γ–(z)f ′(z). (.)
Then it follows from (.)-(.) that
f (z) =
[







a′′(t) – a–β (t) + a′(t)a–β (t) = . (.)
Using the boundary condition (.) yields f (z) = [ γ–γ ( – z)]

γ– , and then
ρ(r, t) =
[ γ–γ ( – z)]

γ–
a(t) , u(r, t) =
a′(t)
a(t) r. (.)
Clearly, if a(t) >  is a free boundary satisfying the condition (.), then it is straightforward





a′(t) = a +
∫ t
 a–β (s)ds –






a() = a, a′() = a,
(.)
with a >  and a being the initial location and slope of the free boundary.
Thus, it remains to solve the boundary value problem (.). We start with estimates on
solutions of (.).
Lemma. Let a(t) ∈ C[,T] be a solution to (.) for T > .Then there exist two uniform
positive constants C and C > , independent of T , such that
C( + t)

(γ–) ≤ a(t)≤ C( + t)
β–
(β–) . (.)
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r – ( + t)u
)
ρr dr + 








ρrdr – ( + t)
∫ a(t)










ργ r dr. (.)

































= I + I + I. (.)







r dr = .
One has
















= ( + t)
∫ a(t)

















































































































ργur r + ργu
)
dr,
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I = ( + t)
∫ a(t)






































+  – γ
γ –  ρ
γ r dr
= ( + t)
∫ a(t)

ργurr + ργur +
 – γ
γ –  ρ
γ r dr.
Thus, substituting the above estimates into (.) and using the Cauchy-Schwarz inequal-
ity, one deduces




ργur r + ργu
)




+ ργur +  – γ





ργ r dr + ( – γ )
γ –  ( + t)
∫ a(t)

ργ r dr, (.)




ργurr dr ≤ ( + t)
∫ a(t)










ργur dr ≤ ( + t)
∫ a(t)











ρr dr = .
In the case γ ≥  , (.) yields


















ργ r dr ≤ C( + t)–. (.)
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≤ Ca(t)– γ ( + t)– γ ,
which implies
a(t)≥ C( + t) (γ–) . (.)
For  < γ <  , (.) yields
(
H(t)( + t)γ–
)′ ≤ C( + t)γ–,
which yields






 if  < γ <

 ,
 + σ , σ >  small, if γ =  ,
 – γ , if  < γ <  .
(.)
As in (.)-(.), one can show that
a(t)≥ C( + t) –α(γ–) . (.)
Next, we derive an upper bound for a(t). It follows from (.), (.) that
a′(t)≤ |a| +C( + t)
β–
(β–) +C( + t)
(–α)(–β)
(β–) +Ca–β
≤ |a| +C( + t)
β–




a(t)≤ Ct +C( + t) β–(β–) ≤ C( + t) β–(β–) .
This yields (.) and completes the proof of Lemma .. 
We are now ready to give the existence and uniqueness of the solution to the boundary
value problem (.).
Lemma . There exists a suﬃciently small T such that (.) has a solution a(t), which is
unique in C[,T] and satisﬁed with  < a < a(t) < a.








a–β (s)ds –  – β a
–β (t) +  – β a
–β
 .
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= a′() = a.
Let T be a positive small constant to be determined. Deﬁne
X =
{
a(t) ∈ C[,T],  < a < a(t) < a, ∀t ∈ [,T]
}
.






















ds +  – β
(








































where L = ( a)–β(β–)(

–β + T) is a constant. We now deﬁne a mapping on X by







ds, ∀t ∈ [,T].
Then Ta(t) ∈ C[,T], and, for any t < T, one can deduce that







a–β (τ )dτ –  – β a



































|a| – –β a–β
= T.
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The above argument shows that T : X → X is a contraction with the sup-norm for any
T = min{T,T,T}. By the contraction mapping theorem, there exists a unique a(t) ∈
C[,T] such that Ta(t) = a(t) and then a′(t) = g(a(t)), which yields (.). This completes
the proof of the lemma. 
Now, Theorem . follows from Lemma ., the a priori estimates, Lemma ., and the
standard continuity argument. This completes the proof of Theorem ..
3.2 The stress free boundary condition









 (a) + (γ – β)t
) 
β–γ . (.)
Using the ansatz in (.) shows that









f ( ra(t) )
a(t) , u(r, t) =
r
(ρβ–γ (a) + (γ – β)t)
. (.)
Set α = f (), and then (.) tells us that α > . Recall the assumption that β =  (γ +

 ),
γ >  . Then (.) becomes
 – γ
 z + γα











 (z)f ′(z) = . (.)














Next, we will prove that (.) can be solved on [, ]. To this end, we start with a priori
estimates and the uniqueness.
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< g(z)≤ , (.)
for all z ∈ (, ]. Furthermore, such a solution is unique.
Proof If g
γ–
γ– (z) – γ+γ = , then (.) implies that z must be zero, i.e. g
γ–
γ– () = γ+γ .
Namely, if z = , then one has g γ–γ– (z) = γ+γ .







which is a contradiction. Thus we can deduce that g
γ–
γ– (z) > γ+γ for all z ∈ (, ] and





< g(z)≤ , ∀z ∈ (, ]. (.)
It remains to prove the uniqueness.
To this end, let g¯(z) ∈ C([, ])∩C((, ]) be another solution to (.) with g¯() =  and
( γ+γ )
γ–
γ– < g(z)≤  for all z ∈ (, ].









γ– }} = ,





z ∈ [, ]|w(ξ )≡ , z ≤ ξ ≤ }.
Here I = ∅ because of  ∈ I . Deﬁne z = inf I and then z ∈ [, ]. Obviously, the unique-
ness of solutions to the system (.) will be shown by proving that z ≡  and using a
continuity argument.





< g(z)≤ , ∀z ∈ (, z). (.)
Integrating (.) over [z, z] shows
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Since for any γ >  and
(γ–)













for suﬃciently small w(z). Putting (.) into (.) and using the fact w(z) = , one has
{






w(z) – γ (γ – )(γ + )(γ – )O()w
(z) = , (.)
for z close to z. Notice that




γ– < , ∀z ∈ (, z)
by virtue of (.). Then one can easily deduce thatw(z)≡ , ∀z ∈ (z–δ, z) for some δ > .
This contradicts to z = inf I . Thus z ≡  and the proof of Lemma . is completed. 
Now we are ready to give an existence result to system (.).
Lemma . For any γ >  , there is a positive function y = g(z) in C([, ])∩ C((, ]) sat-
isfying (.).















We look for a solution to (.) such that





< g(z)≤ , ∀z ∈ (, ]. (.)
Set R = {(z, g(z))| ≤  – z ≤ a,  ≤  – g(z) ≤ b} for small a ∈ (, ), b ∈ (,  – ( γ+γ )
γ–
γ– ).






∣ ≤M, ∀(z, g(z)) ∈R,
whereM is a positive constant only depending on γ , a, b.
Since G(g(z), z) is continuous in R, by choosing h = min{a, bM }, one can show that the
solution to the initial value problem (.) exists in the neighborhood ≤  – z ≤ h.
Similarly, we can extend this solution from the left of the neighborhood  ≤  – z ≤ h
step by step. Let the maximum interval of the existence of solutions be (α, ] for some
α ≥ ; with g(z) ∈ C([α, ])∩C((α, ]), we will show that α ≡ .
If not, then α ∈ (, ). By Lemma ., one has g(α) > ( γ+γ )
γ–
γ– and (.) is well deﬁned
in the small neighborhood of z = α for C function g(z). Thus similar arguments to those
above show that the solution of this initial value problem (.) in the neighborhood |α –
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z| ≤ h for small h >  exists. That is to say, the solution g(z) can be extended to the
interval [α – h, ], which contradicts the fact that (α, ] is the maximum interval of the
existence of solutions. Then we have obtained a C([, ]) ∩ C((, ]) solution g(z) to the
system (.). 
Finally, by virtue of (.) and Lemmas .-., we have obtained the global existence
of y = f (z) ∈ C([, ]) ∩ C((, ]) to (.) and the proof of Theorem . is complete. Ac-
cording to Lemma ., f () > ( γ+γ )

γ– f (), and f (z) = ρ(r, t)a(t), we can deduce from
(.)-(.) the following.


























ρ(, t)→ , as t → +∞.
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